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Millimeter-Wave Measurement of Complex
Permittivity Using Dielectric Rod
Resonator Excited by NRD-Guide

Akira Nakayama, Atsuomi Fukuura, Member, IEEE, and Michiaki Nishimura

Abstract—A new method for measuring complex permittivity
of low-loss dielectric materials at millimeter-wave frequencies has
been developed. The method uses a dielectric rod resonator excited
by a nonradiative dielectric waveguide. Effective conductivity of
conducting plates for short circuiting the resonator is determined
by the difference of unloaded factors between TE0 1- and
TE0 -mode resonators, made of the same low-loss dielectric
material. Complex permittivity of the dielectric rod is determined
by the resonant frequency ( 0) and unloaded factor ( )
of the TE0 1-mode resonator. The complex permittivities of
single crystal sapphire, polycrystalline Ba(Mg1 2W1 2)O3 and
Mg2Al4Si5O18 (cordierite) have been obtained at 60 and 77 GHz
by the new method. These results were consistent with the values
measured at microwave frequencies. It was also found that the
frequency dependence of the dielectric loss tangent (tan ) for
sapphire can be expressed by frequency tan = 1 10

6 GHz.

Index Terms—Dielectric resonator, low-loss dielectric material,
millimeter wave, nonradiative dielectric waveguide (NRD-guide),
permittivity measurement, sapphire.

I. INTRODUCTION

RECENTLY, development on communication and sensing
systems, operated at millimeter-wave frequencies,

has been progressing at a very high speed. For designing
devices and packages used in these systems, we need a reli-
able measurement method for relative complex permittivity

of dielectric materials at
millimeter-wave frequencies. Several resonant methods, such
as the Fabry–Perot open resonator [1]–[3], cavity resonator
[4], [5], dielectric resonator excited by nonradiative dielectric
waveguide (NRD-guide) [6], [7], and whispering-gallery-mode
resonator [8]–[10] have been developed for measuring of the
low-loss dielectric materials at millimeter-wave frequencies.
Among these methods, the dielectric resonator exited by the
NRD-guide is attractive. The NRD-guide [11] is widely known
as a low-loss transmission guide and its dominant longitudinal
section magnetic (LSM) mode can easily couple to the TE
mode of the dielectric resonator. Thus, the method is especially
suitable for measuring of low-loss materials used for
dielectric resonators in millimeter-wave circuits.
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Ishikawa et al. [6], [7] have originally developed the method
for the measurements using a dielectric resonator exited by
an NRD-guide. Their resonator was based on the -mode
rod resonator shielded by upper and lower parallel conducting
plates. The effective conductivity of the conductors must be
determined in advance of the measurement of . They deter-
mined the by measuring the difference of of the odd and
even modes of their standard resonator short circuited at both
ends by the conducting plates. The standard resonator is con-
structed by a dielectric rod and ring resonator coaxially coupled
to each other. This technique enables to determine the effec-
tive conductivity by one measurement. However, the accuracy
of measurements may not be sufficient because the differ-
ence of is small. They determined using a -mode
rod resonator with supports of low-permittivity material. The

resonator has low conductor loss and increase resolu-
tion of determination, supplementing their uncertainty of

measurements. However, when the upper and lower ends of
the dielectric rod are not parallel, the radiation is apt to occur in
the direction of the radius of the rod resonator. Furthermore, the
evaluation of is complex and needs numerical calculations.

In this paper, we propose a more efficient and simple method
for measuring at millimeter-wave frequencies using a di-
electric resonator exited by an NRD-guide. is determined by

- and -mode dielectric rod resonators, which are
designed to enlarge the difference of . is determined by the

-mode rod resonator. The resonator has relatively large
conductor loss. However, the -mode resonator realizes
stable measurement of , and accurate evaluations by analytic
expression for [12], [13]. By the present method, of the
sapphire crystal and two ceramic materials were measured at 60
and 77 GHz.

II. MEASUREMENT METHOD

A. Conductivity

The evaluation of conductor loss is very important for the ac-
curate determination of since the -mode dielectric
rod resonator for measuring has relatively large conductor
loss. The - and -mode dielectric resonators are
used for the measurement. Each resonator consists of low-loss
material with the same . They are designed to have the same
resonant frequency , which is 60 or 77 GHz in this study.
We used the - and -mode rod resonators of sap-
phire, having cylindrical axis parallel to the -axis, as shown in
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Fig. 1. Configurations of resonators for measuring effective conductivity �

and complex permittivity " . Values of � are determined using both resonators
and " are measured using the TE resonator.

Fig. 1. In the -mode resonator without support, shown in
Fig. 1-(2), the conductor loss is larger than the -mode res-
onator since electronic and magnetic fields concentrate near the
surface of the lower conductor because of its larger dimension
ratio , where and are the diameter and height of the
resonator, respectively. High accuracy in the measurement is
obtained by enlarging the difference of of the and

-mode rod resonators.
For deriving analytical equations for the resonators, shown in

Fig. 1, we assume that the conducting plates are infinitely large,
and the ends of the NRD-guide for excitation are infinitely apart
from the dielectric rod. To derive the equation for , of each
resonator is firstly expressed by and surface resistance
of the conducting plates as follows:

(1)

(2)

where subscripts 1 and represent that they belong to the
- and -mode resonators, respectively. Partial

electric energy filling factor of the dielectric rod and
geometric factor are defined in [9] as

(3)

(4)

where and are the volume of the dielectric rod and the
whole resonant space between the conducting plates, respec-
tively. , , , and are the relative permittivity of the
dielectric rod, relative permittivity of the whole resonant space,
permittivity, and permeability of the vacuum, respectively. ,

, and are the tangential magnetic field at the conductor sur-
face, area of the conductor surface, and angular frequency.

The resonant frequencies and are slightly different in
practical measurements even if they are designed to have the
same resonant frequency. Since the frequency difference is very
small, and accurately satisfy the relation of

(5)

which is a widely known empirical low of for dielectric
ceramics composed of a paraelectric ionic crystal. The surface

resistance and are written by the effective conductivity
, i.e.,

(6)

where is the permeability of conducting plate. is assumed
to be constant around the frequency of and .

We can derive equations for and from (1), (2), (5),
and (6) as follows:

(7)

(8)

Analytic expressions of and are obtained as follows:

(9)

(10)

(11)

(12)

where

(13)

(14)

(15)

(16)

Here, and are given by Hakki and Coleman [12] for de-
termination of using the -mode dielectric rod res-
onator. is the velocity of light in the vacuum. and are the
first- and second-kind modified Bessel functions. For any value
of , the th solution exists between and in (16),
where and . In this study, the values
of and are calculated by setting in (12) and (15)
since these parameters correspond to the mode.

On the other hand, calculations of and require nu-
merical analyses. We obtained the values of and by axis
symmetric finite-element method (FEM) calculations. In this
calculation, we set the -mode resonator in a conducting
cylindrical wall of diameter approximately ten times that of the
dielectric rod.

Since the electronic and magnetic fields of the -mode
resonator concentrate near the surface of the lower conductor,
the greater part of the conductor loss of the -mode res-
onator is due to the lower conductor. Therefore, our measure-
ment method gives estimation making much of of the lower
conductor. It is desirable that the upper and lower conductors are
made of the same material with the same surface roughness and,
thus, those have same value of . However, when there is some
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Fig. 2. Structure of measuring apparatus for complex permittivity " and
effective conductivity �.

doubt that the upper and lower conductors have same value of
, we can obtain an average value of of two conductors by

exchanging the upper and lower conductors using our method.

B. Complex Permittivity

The -mode dielectric resonator, as shown in Fig. 1-(1),
is used for the measurement of the complex permittivity of the
dielectric rod made of test material [12], [13]. The value of is
obtained from a measured of the resonator by

(17)

The value of is obtained from a measured of the res-
onator by

(18)

using calculated by (6) from determined by (7).

III. MEASUREMENT SYSTEM AND PROCEDURE

The -mode dielectric rod resonators, for measuring
or , were coupled equally to the input and output NRD-

guide, using an apparatus shown in Fig. 2. Dielectric strips of the
NRD-guide were made of Rexolite-1422 (cross-linked styrene
copolymer) of and at 10 GHz.
Height ( ) and width ( ) of the dielectric strips are 2.25
and 2.00 mm for 60-GHz measurements, and 1.80 and 1.60 mm
for 77-GHz measurements. The rod sample was placed between
two parallel copper blocks with facing ends of 22-mm diameter.
The apparatus has transducers from the NRD-guide to wave-
guide at both sides. The end of dielectric strip of the NRD-
guide is sharpened in the transducer. The apparatus is connected
to a sweeper and a scalar network analyzer by the -band or

-band waveguides, as shown in Fig. 3.
The height of the dielectric rod for the measurement was

fixed to 2.25 and 1.80 mm for 60- and 77-GHz measurements,
respectively, which was the same as the height of the NRD-
guide. The diameter of the rod was designed using a rough

Fig. 3. Measurement system.

value of so that of the mode is nearly equal to 60
or 77 GHz.

, the half-power bandwidth , and insertion loss
at were measured using a scalar network analyzer by means
of the swept-frequency method. is obtained by

(19)

The space between the dielectric rod and NRD-guide was ad-
justed so that is 20–25 dB in 60-GHz measurement and
10–15 dB in 77-GHz measurement. The reason for use of the
relatively small value of for the 77-GHz measurement was
that the dynamic range of our measuring system was limited to
approximately 30 dB in the -band.

IV. RESULTS AND DISCUSSION

A. Characteristics of Measurement Apparatus

Transmission loss of the apparatuses for 60- and 77-GHz
measurements were evaluated by connecting the input and
output NRD-guide with a rexolite strip of 14-mm length. Direct
coupling of the apparatuses were also evaluated by removing
the rexolite strip. The transmission loss was approximately 3 dB
in each apparatus, as shown in Figs. 4 and 5. The transmission
loss was used as the reference level in the measurements of
the resonant frequency and unloaded -factor of the dielectric
resonator. The direct coupling appeared above 64 GHz in the
evaluation of the 60-GHz measurement apparatus and above
80 GHz in that of the 77-GHz apparatus, as shown in Figs. 4
and 5. This is because the half-wavelength of free space,
above these frequencies, becomes smaller than the space of the
upper and lower conductor in each of the apparatuses. Here,
values of space between the upper and lower conductors in
the measurement apparatus were measured to be 2.310 0.001
and 1.848 0.001 mm for 60- and 77-GHz apparatuses, respec-
tively.

B. Design of -Mode Resonator

The present method determines the effective conductivity
of the conducting plate using a difference between the unloaded

factor of the - and -mode resonators. The
dielectric rod for the -mode resonator can be easily
designed by (17). The design of the dielectric rod for the
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Fig. 4. Transmission and direct coupling characterization of the apparatus for
60-GHz measurements.

Fig. 5. Transmission and direct coupling characterization of the apparatus for
77-GHz measurements.

-mode resonator, however, requires numerical analysis.
We calculated dimensions of the sapphire rods, geometric
factor , and partial electric energy filling factor of the

-mode resonator. Fig. 6 shows relations between diameter
and height of sapphire rods with perpendicular

to the -axis for -mode resonators for 60- and 77-GHz
measurements. The spaces between two conducting plates in
the resonators are fixed to 2.25 and 1.80 mm, respectively.
Fig. 7 shows the and of the -mode resonators as a
function of height of the sapphire rod. Fig. 7 shows that
increases with increasing . This is due to a fact that the field
concentrates near the surface of the lower conductor when the
rod is flat. On the other hand, is not strongly dependent on

. The tendency of against in Fig. 7 supports the principle
of our method, which determines the effective conductivity
of the conducting plate using a difference between the unloaded

factor of the - and -mode resonators.

C. Effective Conductivity

The values of relative effective conductivity ( ,
S/m) of mirrored ends of the copper blocks were

measured at 59 and 77 GHz using the - and -mode
resonators of sapphire. Resonant peaks for 77-GHz measure-
ments are shown in Fig. 8. The measurement results are listed
in Table I. The differences of the measured value of in the

Fig. 6. Relations between diameter D and height H of a sapphire rod with
" = 9:4 perpendicular to the c-axis for TE -mode resonators at 60 and
77 GHz. The spaces between two conductors in the resonators are 2.25 and
1.80 mm, respectively.

Fig. 7. Geometric factor G and partial electric energy filling factor P of
TE -mode resonators at 60 and 77 GHz as a function of height H of a
sapphire rod.

Fig. 8. Resonance peaks of TE - and TE -mode sapphire resonator.

two resonators are sufficiently large for determination. The
measured values of were 87 3% and 88 5% at 59 and
77 GHz, respectively. These values of are consistent with
those measured to be 90%–100% at approximately 10 GHz in a
round-robin test on the dielectric-resonator method [14].

Measurement errors of were estimated by

(20)

where and are errors of by the standard devia-
tion of and .
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TABLE I
EFFECTIVE CONDUCTIVITY � MEASUREMENTS USING TE - AND TE -MODE SAPPHIRE RESONATORS. DIAMETER D, HEIGHT H OF

DIELECTRIC ROD, RESONANT FREQUENCY f , UNLOADED Q FACTOR Q , PARTIAL ELECTRIC ENERGY FILLING FACTOR P , GEOMETRIC

FACTOR G, RELATIVE PERMITTIVITY " , AND tan � PERPENDICULAR TO THE c-AXIS OF THE SAPPHIRE CRYSTAL AND RELATIVE

EFFECTIVE CONDUCTIVITY � (� = �=� , � = 5:8 � 10 S/m) ARE LISTED

Fig. 9. Frequency dependence of " and tan � of sapphire perpendicular to
c-axis.

D. Complex Permittivity

The relative permittivity and dielectric loss perpen-
dicular to the -axis of sapphire, measured at 59 and 77 GHz
with , are also listed in Table I. These values of were
calculated by (8). Frequency dependence of and of
sapphire in the frequency range from 10 to 77 GHz are shown
in Fig. 9. The values measured in the range of 10–30 GHz using
the dielectric resonator exited by a loop antenna are described
in [15]. Fig. 9 shows that has a constant value of 9.4 in the
whole range of frequency. The value of increase with
increasing frequency and its dependence can be expressed by
approximately GHz. These results have
a good agreement with the data measured at approximately
10 GHz [14].

The complex permittivity of two polycrystalline ceramics
Ba(Mg W )O [16] and cordierite (Mg Al Si O ) [17],
[18] were measured at 59 and 76 GHz using -mode
( or ) resonator. In this case, the values of were
calculated by (18). The resonant peaks of 76-GHz measure-
ments are shown in Fig. 10. The measurement results are listed
in Table II with those at around 20 GHz obtained by the dielec-
tric resonator excited by a loop antenna. The measured values
of and of the two materials are plotted as a function
of frequency in Figs. 11 and 12. For both materials, has a

Fig. 10. Resonance peaks of Ba(Mg W )O and cordierite resonators.

constant value independent on frequency and increases
with increasing frequency. For the Ba(Mg W )O ceramic,

GHz was found.
The total error of was evaluated by

(21)

where , , and were errors of by the standard
deviations of the diameter and height of the sample and
resonant frequency . When the space between two con-
ductors of measurement apparatus is more than the height of
the sample, should be calculated from the standard devia-
tion of the space . For all samples in Tables I and II, the space

is more than the height of the sample. The relative error
of relative permittivity was less than 0.1%, as shown in

Tables I and II. The error of was mainly dependent on the di-
mensional uncertainties of and .

In advance of measuring of test material using the
-mode resonator, the effective conductivity of the

conductors for short circuiting the -mode resonator
must be determined. For this purpose, we designed the -
and -mode resonators of sapphire and determined
using measured unloaded factors ( and ) of the
two resonators by (7). In this case, of sapphire can be
simultaneously determined from and by (8) and the
total error of was evaluated by

(22)
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TABLE II
COMPLEX PERMITTIVITY MEASUREMENTS OF Ba(Mg W )O AND CORDIERITE (Mg Al Si O ) CERAMICS

Fig. 11. Frequency dependence of " and tan � of Ba(Mg W )O .

Fig. 12. Frequency dependence of " and tan � of cordierite.

where and were errors of by the
standard deviations of and .

Once is determined by (7), we can calculate of un-
known test material from only of the -mode res-

onator made of test material by (18). In this case, the total error
of was evaluated by

(23)

where and were errors of by the
standard deviations of of the copper blocks and of the

-mode resonators, respectively. The error was
less than 5 10 , as shown in Table II. The error is
dependent on both of the measurement errors of and .

In the determination by (18), three errors of , ,
and are origins of error of since the error of comes
from errors of and by (20). Therefore, the determi-
nation of by (8) has an advantage, as compared with that
of (18) from a viewpoint of accuracy of measurements. How-
ever, it is actually very troublesome to make the - and

-mode resonator from each test material for determina-
tion of by (8). Therefore, the determination by (18)
is convenient for unknown test material.

E. Accuracy of FEM

The axis symmetric FEM was used for calculating the partial
electric energy filling factor and geometric factor of the

-mode resonator for the effective conductivity determi-
nation. We estimated the accuracy of the FEM calculations by
comparing them with the exact calculations for the -mode
resonator. Table III shows a comparison of the calculated reso-
nant frequency , , and for the resonator by an
axis-symmetric FEM, with those by the exact equations [12].
The agreement between results by the FEM and those by the
exact equations is very good. In this FEM calculation, we set
the resonator at the center of a conducting cylindrical
wall of diameter approximately ten times that of the dielectric
rod.

F. Air-Gap Effect

The space between the upper and lower conductors of
the measurement apparatus and height of the dielectric rod
sample were designed to be the same value. However, an air
gap of approximately 0.05 mm was generated between the upper
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TABLE III
COMPARISON OF CALCULATED PARAMETERS, RESONANT FREQUENCY f ,

PARTIAL ELECTRIC ENERGY FILLING FACTOR P , AND GEOMETRIC

FACTOR G BY THE FEM WITH THOSE BY EXACT EQUATIONS [12],
FOR THE TE -MODE DIELECTRIC RESONATOR WITH " = 10:00,

D = 2:339 mm AND H = 1:800 mm

conductor and dielectric rod. This was mainly caused by a de-
viation of dimension of the measurement apparatus from the
designed values. It is known that a small air gap of the upper
conductor and the dielectric rod does not affect the microwave
measurements of relative permittivity using the -mode
resonator, when the space between two conductors is used as
an effective height of the dielectric rod [13]. This is due to a fact
that the electric field does not exist on the surface of the conduc-
tors in the TE-mode resonator. We also used as the effective
height of the dielectric rod for calculation of and in this
study, ignoring the air gap. The values were measured to be
2.310 0.001 and 1.848 0.001 mm for 60- and 77-GHz appa-
ratuses, respectively. The air-gap effect on our millimeter-wave
measurements is evaluated in this section via an extension of
Kobayashi et al. [13].

We used the -mode dielectric rod resonators of
GHz and mm with , , and
as model resonators to estimate the air-gap effect. First,

resonant frequency variation was calculated by the axis
symmetric FEM when the air gap was generated by short-
ening by and fixing . Next, was calculated
by (17) using GHz and the effective rod height

. In a similar way, values were calculated for the
same dielectric rods with , 1 10 , 1
10 by (2) using the FEM in a condition that the relative ef-
fective conductivity of the conducting plate was 100%. The
value of was determined by (18) using the calcu-
lated values and the effective rod heights .

Fig. 13 shows the calculations of
and against the air gap

. Values of the induced permittivity error for
, and by ignoring the air gap of 0.05 mm are

0.0005, 0.0012, and 0.0025. These values of corre-
spond to of approximately 0.01%, which is neg-
ligibly small compared with errors by measurements. On the
other hand, for from 5 to 20 by ignoring the
air gap of 0.05 mm is approximately 1 10 , which does not
depend on the values of in the case of .
This value of is also negligibly small compared
with the measurement errors.

It is obvious that the gap effect in 60-GHz measurements is
smaller than the results in Fig. 13 since dielectric rod for 60-GHz
measurement is larger than that for 77-GHz measurement. In
conclusion, the air gap of approximately 0.05 mm is negligible
in our dielectric measurements at millimeter-wave frequencies
and room temperature. The air gap, however, should be limited

Fig. 13. Air-gap effects on " and tan � measurements by the TE -mode
dielectric rod resonator of f = 77 GHz and H = 1:800 with " = 5 (D =

3:591 mm), 10 (D = 2:339 mm), and 20 (D = 1:592 mm).

to a smaller value in the low-temperature measurements for very
low-loss materials such as the sapphire crystal.

V. CONCLUSIONS

A new method for measuring the complex permittivity at
millimeter-wave frequencies has been developed using the di-
electric rod resonator excited by the NRD-guide. Values of
of sapphire crystal sapphire, polycrystalline Ba(Mg W )O
and Mg Al Si O (cordierite) have been successfully mea-
sured at approximately 60 and 77 GHz by the new method. The
results have been consistent with the values measured at mi-
crowave frequencies. The measurement error of relative
permittivity was within 0.1%, and of dielectric loss

was within 5 10 , respectively. The main features of
the presented method are as follows.

1) The TE-mode dielectric resonators for the complex per-
mittivity and effective conductivity measurements
are easily excited at millimeter-wave frequencies by the
use of an NRD-guide.

2) The value of is accurately measured using the
and -mode resonators made of sapphire.

3) The value of is stably measured and accurately calcu-
lated by the use of the -mode resonators.

The temperature-dependence measurements of the complex
permittivity at millimeter-wave frequencies by the presented
method will be the subject of a future study.
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